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Traditionally, the behaviour of cracked elastic solids has been
considered mainly in 2D situations. Although there are some sem-
inal works on the analysis of three-dimensional cracks in linear
elastic fracture mechanics, LEFM, (e.g., Hartranft and Sih, 1969;
Sih, 1971; Benthem, 1977, etc.) the main practical developments
still rely on concepts and results obtained from 2D solutions. How-
ever, it is commonly accepted that many of these concepts may not
always be generalized to 3D. The analysis of a through-thickness
crack in a ﬁnite thickness plate is one of such cases.
It is well known that the apparent fracture toughness of a
cracked plate increases for decreasing thicknesses B given a certain
crack length a. This increase is due to the loss of constraint as com-
pared to the constraint existing in a thick plate, often assimilated
to a plane strain condition. A proper study of this constraint effect
can only be addressed considering the three-dimensional stress
ﬁelds around the crack front.
In previous works (Fernández-Canteli et al., 2006; Fernández-
Zúñiga et al., 2008) a tensor description has been introduced to
characterize the singular stress ﬁeld in the vicinity of the crack
front in accordance to the Williams’ series expansion (Williams,
1952). In these studies, it is concluded that the existence of secondll rights reserved.
+34 96 3877629.order terms (i.e. terms that do not depend on the radial distance to
the crack front) cannot in general be neglected. In addition to the
in-plane T-stress often considered in 2D problems, the out-of-
plane component of the so-called constraint tensor tij plays an
important role in the constraint effects due to the thickness.
On the other hand, it is well known that in three-dimensional
situations as those present in real cracked specimens of ﬁnite
thickness, the 2D J-integral (Cherepanov, 1967; Rice, 1968) is not
strictly applicable since the actual out-of-plane stress and strain
ﬁelds are ignored. As a consequence, a pointwise calculation of
JðsÞ along the crack front is necessary. This is accomplished by
3D domain integrals (e.g. Li et al., 1985) or the path-area Jx1 -inte-
gral (e.g. Blackburn, 1972).
In this work, the equivalence of Jx1 with other existing integrals
to compute the pointwise value JðsÞ is veriﬁed. We focus on the
behaviour of the Jx1 -integral and its components (namely, the path
JP-integral and the area JA-integral) for cracked plates of different
thicknesses. The objective is to assess the suitability of such inte-
grals to characterize the out-of-plane constraint due to the thick-
ness effect. When studied separately, these integrals are not
path-independent and reﬂect in a different manner the effects of
the three-dimensional elastic ﬁelds. Therefore, their behaviour
along the distance r in a direction normal to the crack front is inﬂu-
enced by the presence or absence of out-of-plane constraint. The
relationship of Jx1 ; JP and JA with the 2D plane stress and 2D plane
strain conditions is also discussed.
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using a uniform tensile stress in mode I. This geometry is impor-
tant in practice because many test specimens for characterizing
the fracture toughness of a material are based on this geometry
(e.g. the compact tension test specimen). Other types of loading
and geometries have also been analyzed by the authors, yielding
trends which are qualitatively similar to those presented here.
We assume an elastic isotropic material behaviour. An extension
of the results presented here to include the effects of crack-tip
plasticity in small and large scale yielding (SSY, LSY) requires fur-
ther investigations that are currently in progress.
The outline of the following sections is as follows. In Section 2, a
concise review of the available integrals used to compute the
pointwise value JðsÞ is carried out, including the path-area integral
Jx1 and the deﬁnition of its components JP and JA. Section 3 de-
scribes the model analyzed via the ﬁnite element method and pro-
vides some details on the numerical implementation of Jx1
performed in this work. The numerical results for Jx1 ; JP and JA for
different thicknesses, including their through-thickness variations,
are presented in Section 4. In Section 5, the behaviour of the
through-thickness stress r33 and strain e33 is analyzed, presenting
the stress intensity tensor kij. A discussion on the results is given in
Section 6 and Section 7 summarizes the main conclusions.
2. Calculation of JðsÞ in 3D
In order to characterize 3D elastic crack problems, it is custom-
ary to compute the pointwise value of J along a 3D crack front. This
pointwise value is usually denoted as JðsÞ, where s is a parametric
coordinate that deﬁnes the crack front position, as shown in Fig. 1.
A local cartesian coordinate system is conventionally deﬁned as
follows: the x2 axis is perpendicular to the plane tangential to
the crack at s and the x1 and x3 axes lie in that tangential plane,
being normal and tangent to the crack front, respectively.
Many works regarding the computation of JðsÞ can be found in
the literature and we do not intend to make a thorough review
of them (see e.g. Omer and Yosibash, 2005). For the sake of com-
pleteness, we introduce below the deﬁnitions and nomenclature
that will be used in the rest of the study. The following subsections
present a concise review of the most important methods.
2.1. Extension of the J-integral to 3D
For a homogeneous elastic (not necessarily linear) material,
Cherepanov (1967) and Rice (1968) proved the path independence
of the J-integral for 2D crack and notch problems in the absence of
body forces, crack face tractions and thermal strains:
J ¼ J2D ¼
Z
C
Wd1i  rij @uj
@x1
 
nidC ð1Þ
where W is the strain energy density, dij is the Kronecker’s delta, rij
are the components of the Cauchy stress, ui are the displacementsFig. 1. Local cartesian coordinate system at a point s of the crack front.components, C is a path that surrounds the crack-tip and the
x1; x2 axes are the 2D projection of the reference system shown in
Fig. 1. The path C is contained in the x1  x2 plane and ni are the
components of the unit vector n normal to C.
The J-integral as formulated in (1) is path-independent under
the above assumptions and under either plane strain or plane
stress conditions, with i; j ¼ 1;2. However, (1) is not path-indepen-
dent when applied to 3D crack problems for computing JðsÞ, being
C contained in the x1  x2 plane as in Fig. 1 and i; j ¼ 1;2;3. (Black-
burn, 1972) gave a generalization of (1) to compute JðsÞ as follows:
JðsÞ ¼ lim
C!0
Z
C
Wd1i  rij @uj
@x1
 
nidC; ð2Þ
i.e. only for a contour C inﬁnitely close to the crack front the quan-
tity of interest JðsÞ can be obtained, as 2D-like stress ﬁelds are ap-
proached. As expected, the practical application of (2) poses
difﬁculties when using a numerical procedure such as the ﬁnite ele-
ment method (FEM) due to the poor quality of the numerical
approximation in the vicinity of the crack front.
2.2. Computation as an equivalent domain integral (EDI) in 3D
Li et al. (1985) and Shih et al. (1986) presented the EDI method
by which, using the divergence theorem, the crack-tip contour
integral (2) is expressed as an equivalent volume integral over a ﬁ-
nite domain surrounding the crack front. Recasting the contour
integral into a domain (volume) integral is numerically advanta-
geous, as it becomes unnecessary to capture the details of the sin-
gular ﬁeld near the crack front. deLorenzi (1982, 1985) obtained
exactly the same result using the concept of virtual crack extension
and a consistent continuummechanics approach. The computation
of JðsÞ is done through the expression:
JðsÞ  Jvol ¼
Da
Ac
Z
V
rij
@uj
@x1
Wd1i
 
@q1
@xi
dV ; ð3Þ
where Da is the virtual crack extension at a point s (see Fig. 2), Ac is
the virtual increment in crack area generated by the virtual crack
extension, andq1 is a continuousweight function that varies between
0 and 1 and scales the virtual crack extension Da through the crack
front segmentDs. Note that the value of the volume integral Jvol is in-
deed an approximation to the pointwise value JðsÞ, since Ds is ﬁnite.
Shih et al. (1986) applied this method to compute JðsÞ along
straight 3-D crack fronts under thermal loads. Extensions have
been developed for curved planar crack fronts in mixed-mode
(Nikishkov and Atluri, 1987), non-planar 3D cracks (Gosz and Mor-
an, 2002), 3D bimaterial interface straight cracks (Nakamura,
1991) or curved cracks (Gosz et al., 1998), most of them using
interaction integrals and auxiliary ﬁelds. The EDI method has the
advantage that it is very well suited to the implementation in a
FE code as a post-processing technique. In addition, it tends to give
more accurate results than the equivalent contour integral,Fig. 2. Virtual crack extension of a crack front segment Ds for the application of the
EDI method.
Fig. 3. Geometric model of the cracked plate.
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more consistent with the FE formulation).
2.3. Computation as a path-area integral in 3D. The Jx1 -integral
The Jx1 -integral is an alternative way to compute the pointwise
value JðsÞ. It is deﬁned as the combination of a path integral and an
area integral (Blackburn, 1972; Dodds and Read, 1990; Chiarelli
and Frediani, 1993; Huber et al., 1993). A detailed derivation is gi-
ven in Rigby and Aliabadi (1998). The Jx1 -integral is deﬁned as:
JðsÞ ¼ Jx1 ¼
Z
C
Wd1i  rij @uj
@x1
 
nidC
Z
AðCÞ
@
@x3
ri3
@ui
@x1
 
dA; ð4Þ
where i; j ¼ 1;2;3 and AðCÞ is the plane area enclosed by the con-
tour C shown in Fig. 1. In this work, we are interested in the behav-
iour of the path and area integrals that appear in (4) considered
separately. These integrals will be denoted as JP and JA, respectively,
and are deﬁned as:
JP ¼
Z
C
Wd1i  rij @uj
@x1
 
nidC ð5Þ
JA ¼ 
Z
AðCÞ
@
@x3
ri3
@ui
@x1
 
dA: ð6Þ
Hence Jx1 ¼ JP þ JA. The Jx1 -integral is shown to be path-area inde-
pendent (see e.g. Rigby and Aliabadi, 1998) provided the path C is
contained in the x1  x2 plane, i.e. it is normal to the crack front
and, therefore, n3 ¼ 0. Numerical 3D examples with planar curved
cracks reported by Chiarelli and Frediani (1993) verify this behav-
iour. For non-planar cracks, Eriksson (2000) generalized the expres-
sion (4) using curvilinear coordinates.
It is clear that JA ¼ 0 in the two-dimensional conditions of plane
stress and plane strain. In a general 3D crack problem, it can be
proved that Jx1 is equivalent to the expression (2), because JA van-
isheswhenC! 0 since the area AðCÞ reduces to 0 and the integrand
in JA is non-singular (see e.g. Dodds and Read, 1990). Moreover, the
volume integral Jvol in (3) is equivalent to Jx1 when Ds! 0, see Fig. 2
(as also noted by Omer and Yosibash, 2005). Although the analytical
equivalence of these approaches is well known, it is worth com-
menting brieﬂy on it for the sake of completeness. We recall here
the deﬁnition of the Eshelby’s energy-momentum tensor:
Pki ¼ Wdki  rij @uj
@xk
: ð7Þ
The equivalence exists because all the derivations start from the
divergence of the Eshelby’s energy-momentum tensor Pki integrated
over a ﬁnite domain that excludes the singularity. This tensor is
divergence free in the absence of body forces, crack face tractions
and thermal strains, and therefore:
Z
X
@Pki
@xi
dX ¼ 0: ð8Þ
In the computation of JðsÞ, only the case k ¼ 1 needs to be consid-
ered (i.e. the J1 component of the J vector). For the Jx1 -integral, the
domain X in (8) is related to a plane area in the x1  x2 plane that
excludes the singularity. The application of the divergence theorem
to the integral over this two-dimensional area (Green’s theorem)
leads to the formulation of the Jx1 -integral (see e.g. Rigby and Alia-
badi, 1998). For the Jvol integral, X is a volume that surrounds the
crack front excluding the singularity. In this case, the divergence
theorem is applied to the integral over this volume which, after
introduction of the q1-function, leads to the Jvol integral (see e.g.
Li et al., 1985). The Jx1 -integral has often been used as a post-pro-
cessing technique for the boundary element method (Huber et al.,1993; Rigby and Aliabadi, 1998), whereas the Jvol integral is usually
applied in combination with the FEM.3. Numerical models. Implementation of Jx1
3.1. Description of the ﬁnite element models
The objective of this study is to analyze the behaviour of Jx1 , JP
and JA for cracked plates of different thicknesses and to assess their
suitability to characterize the out-of-plane constraint. We have re-
stricted the analysis to plates of different thicknesses B with a
straight crack front. Only mode I loading is studied, so a half-plate
is considered for the geometric model, as shown in Fig. 3. All plates
have the same in-plane dimensions: W ¼ 50 mm (width) and
H ¼W (height). The crack length is a ¼W=2 and seven thicknesses
have been analyzed: B ¼ f0:1;1;5;10;20;50;200g mm in order to
study the effect of a varying a=B ratio.
The material is assumed to be linear elastic (isotropic and
homogeneous) with Young’s modulus E ¼ 207 GPa and Poisson’s
ratio m ¼ 0:3. A uniform stress r22 ¼ 1 MPa is applied on the top
side of the plate in all cases. In order to perform integrations over
the mid-plane, a full thickness B is modelled (regardless of model
symmetry) so as to make use of the integration points exactly lo-
cated at the mid-plane, as explained below.
Fig. 4 shows a deformed mesh of the FE discretization for the
case B ¼ 1 mm. We have used 20-nodes isoparametric elements
with 3 3 3 integration points. The total number of elements
is 59,400 and the number of nodes is 252,633. The use of quar-
ter-point elements to improve the ﬁnite element approximation
next to the crack front is not needed, as the Jx1 -integral is based
on energy principles and conservation laws. For thicknesses larger
than B ¼ 1 mm, similar discretizations have been used in which
the graded mesh is not so concentrated around the crack front. This
is done to better capture the constraint zones, that have different
extensions for different thicknesses in the radial direction r, where
r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
. An odd number of elements (25 elements) is used for
the through-thickness discretization, which combined with a
3 3 3 integration, enables the location of integration points ex-
actly at the mid-plane x3 ¼ 0.
We have veriﬁed that the discretization error, inherent to any ﬁ-
nite element solution, does not signiﬁcantly affect the quality of the
results presented in Sections 4 and 5. This has been accomplished
Fig. 4. Deformed plot of the FE discretization. Thickness B ¼ 1 mm. The tenth path C of a sequence of 32 is also indicated.
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same solution with sufﬁcient accuracy.3.2. Numerical implementation of Jx1
In order to capture the behaviour of Jx1 ; JP and JA in the radial
direction, a sequence of 32 paths C are deﬁned surrounding the
crack front. These paths are contained in the mid-plane x3 ¼ 0
and pass through the mid-side nodes. The ﬁrst path includes only
the two elements sharing the crack front segment and the rest of
paths are deﬁned by adding successive rings of elements. Fig. 5
shows the third path of the sequence. The integration along C is
carried out along the element sides. Six integration points are used
along each element side traversed by C. For the JA calculation, the
area enclosed by C is integrated using the nine integration points
located at the mid-plane of each element.
In accordancewith (6), the calculation of JA implies the computa-
tion of the spatial derivatives of the stress ﬁelds ri3 and strain-like
magnitudes @ui=@x1. We have ﬁtted local polynomials of order two
(hypersurfaces) to the FE values of these ﬁelds available at the 27
integration points of each element. An explicit derivative of the ﬁt-
tedpolynomial for eachmagnitude is thenperformedand the result-
ing derivative is evaluated at the nine integration points of themid-
plane. Similarly, to evaluate the integrand of JP at the six integrationFig. 5. Path C used for the computation of JP (third path of a sequence of 32). Six integ
integration points per element for the computation of the area integral JA.points of the sides traversed byC, the values of the ﬁtted polynomi-
als at these points are used, averaged with neighbouring elements.
As will be shown below, our approach has proved to give good
results. Other methods referred in the literature could also be used.
Chiarelli and Frediani (1993) give a detailed description of the com-
putation of the Jx1 -integral with FE, although the procedure is rather
cumbersome. These authors take C along the element integration
points and then redeﬁne the enclosed area for JA by the creation
of new elements whose outer boundary coincides with the integra-
tion path. Another shortcoming of the procedure given in Dodds
and Read (1990) and Chiarelli and Frediani (1993) is that they cal-
culate the stress and strain derivatives in JA from the FE interpola-
tion (shape functions) which, for second order elements, results
in constant values over each element. This leads to the correspond-
ing loss of accuracy. Omer and Yosibash (2005) comment that the
area integral JA tends to give worse results, and propose to compute
only JP with decreasing C, followed by a Richardson’s extrapolation
as the radius tends to zero. This reduces to amere application of (2).4. Numerical results
4.1. Calculation of Jx1
All FE analyses have been carried out with the commercial code
AbaqusTM v. 6.7 (Hibbitt et al., 2007). The post-processing calcula-ration points are used along each element side traversed by C. Note also the nine
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Abaqus results ﬁle. Fig. 6 shows the evaluation of JP; JA and
Jx1 ¼ JP þ JA for 32 paths starting at different x1 for the 10 mm thick
plate. All results correspond to the mid-plane front location
(x3 ¼ 0). Several features can be observed: (a) the path indepen-
dence of Jx1 is conﬁrmed; (b) as expected, JP converges to Jx1 when
the path shrinks to the crack front, and equivalently, JA tends to 0;
(c) JP contributes to Jx1 much more than the area integral (about
95% in the example of Fig. 6); (d) JP decreases and JA increases with
the distance x1 in a region next to the crack front and tend to sta-
bilize at larger distances.
The stabilization is produced because a 2D-like elastic ﬁeld is
reached (more precisely, a plane stress condition) at a certain dis-
tance. This means that further rings of elements do not contribute
to JA, so the integral is constant once the in-plane stress condition
is reached. Since Jx1 is invariant, this implies that JP becomes path-
independent and, in fact, JP reduces to the J2D-integral given in (1).
In other words, the stabilization of JA and JP indicates that three-
dimensional effects are negligible at such a distance from the crack
front.
From a numerical viewpoint, the ﬁrst two paths give the worst
results for the JP-integral, as they include the ﬁrst two rings of ele-
ments around the crack front, where the FE solution has a large dis-
cretization error and affects the path integration. On the contrary,
JA gives consistent results even for the ﬁrst two rings of elements,
because domain integrations are better suited to the FE formula-
tion. We note in passing that for large radial distances
(x1=W ! 0:5) the proximity of the free boundaries introduces bor-
der effects that slightly affect the results (not shown in Fig. 6).
Fig. 6 also shows a comparison of Jx1 with the value Jvol obtained
with the EDI method through the volume integral (3). In this case,
the integration is performed over the same rings of elements, but
including the full 27 integration points per element. In addition,
and since Abaqus also provides built-in routines to compute JðsÞ
through a volume integral, we also plot these results for compari-
son, denoted as Jabq. As expected, it can be seen that Jx1 ; Jvol and Jabq
yield virtually the same results. This veriﬁes that expressions (3)
and (4) are numerically equivalent.4.2. Jx1 for several thicknesses
To serve as a reference, we have carried out 2D FE analyses for a
plate of the same in-plane x1  x2 dimensions under plane stressFig. 6. Calculation of JP; JA and Jx1 ¼ JP þ JA for 32 paths starting at different x1, carried
method). Note that the values of JA have been shifted by 0.0026 units for the sake of claand plane strain conditions. In this work, the values of J for the
2D plane stress and plane strain conditions are denoted as Jpr2D
and Jpe2D, respectively. In a 2D problem, it is well known that K I is
independent of the elastic properties of the material E; m, whenever
the applied crack face loads are zero or self-equilibrating (see e.g.
Sih, 1971) and in the absence of body forces. In this case, the strain
energy release rate G  J for generalized plane stress and plane
strain differs only by a factor of ð1 m2Þ, since:
K I ¼
ﬃﬃﬃﬃﬃ
JE0
q
ð9Þ
and E0 ¼ E for plane stress and E0 ¼ E=ð1 m2Þ for plane strain.
Therefore:
Jpe2D ¼ ð1 m2ÞJpr2D ð10Þ
which for m ¼ 0:3 implies that Jpe2D ¼ 0:91Jpr2D. For the in-plane dimen-
sions and loads of the problem, we obtained Jpr2D ¼ 0:0030267 N=mm
and Jpe2D ¼ 0:0027543 N=mm, conﬁrming Eq. (10).
Turning again to the 3D plate models, Fig. 7 shows the values of
Jx1 at the mid-plane for plates of different thicknesses. The results
are normalized by Jpr2D, showing the expected path independence.
Note that the path locations (marked with symbols) vary for cer-
tain thicknesses because the graded meshes are different. For the
sake of clarity, we have also discarded the results for the ﬁrst
two paths which have a large error.
It can be observed that Jx1 at the mid-plane is path-area inde-
pendent and decreases with thickness. Jx1 for very thin plates tends
to converge to a value which is 3.6% greater than for plane stress
Jpr2D. This shows that a 2D plane stress analysis cannot model the
true behaviour of a thin 3D cracked plate at the mid-plane, because
the singular out-of-plane stress, always present at the crack front
sufﬁciently far from the free surfaces, is neglected (as already re-
ported by Sih (1971) and Nakamura and Parks (1988)). On the con-
trary, Jx1 for large thicknesses tends to converge to the plane strain
value Jpe2D, which is the lowest. Two additional thicknesses B ¼ 400
and 800 mm have been included to verify the convergence to the
plane strain state.
For a very thin plate, Nakamura and Parks (1988) computed a
hypothetical value of the SIF for the far plane stress ﬁelds as
K far ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Jpr2DE
q
and a local value of the SIF as K local ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
JlocalE=ð1 m2Þ
q
,
where Jlocal is equivalent to Jx1 jB!0. They reported the ratio
K local=K far ¼ 1:067. Hence, for very thin plates with m ¼ 0:3:out at mid-plane x3 ¼ 0 for the thickness B ¼ 10 mm. Comparison with Jvol (EDI
rity (i.e. JA ¼ 0 at x1 ¼ 0).
Fig. 7. Values of Jx1 at the mid-plane for plates of different thicknesses B, normalized by the 2D plane stress value J
pr
2D. The 2D plane strain value J
pe
2D is also indicated. Note the
scale in the ordinate values.
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Jpr2D
 ð1 m2Þð1:067Þ2 ¼ 1:036; ð11Þ
which coincides with the ratio obtained in our computations,
whereas for very thick plates
Jx1 jB!1
Jpr2D
¼ J
pe
2D
Jpr2D
¼ ð1 m2Þ ¼ 0:91: ð12Þ
Hence, the ratio between the possible maximum and minimum val-
ues for Jx1 is approximately 14%:
Jx1 jB!0
Jx1 jB!1
¼ Jx1 jB!0
Jpe2D
 ð1:067Þ2 ¼ 1:139: ð13Þ
It is important to note that Jpe2D coincides with Jx1 for a 3D analysis of
any of the plates when the u3 displacement is constrained on the
lateral faces at x3 ¼ B=2 and x3 ¼ þB=2. However, it is not possible
to reproduce the plane stress condition nor the value Jpr2D from a 3D
plate model. Note that the Jx1 -integral is path-area independent in a
general 3D domain, regardless of plate thickness.
The ultimate reason why Jx1 at mid-plane varies for different
thicknesses is the effect of the relative proximity of the boundaries
to the crack front. Three-dimensional effects depend on the ratios
a=B, W=B and H=B, whereas in a 2D plate problem the geometric
factor C used in K I ¼ C2D r
ﬃﬃﬃﬃﬃﬃ
pa
p
only depends on the in-plane
dimensions, i.e. C2Dð aW ; aHÞ. In other words, a proper three-dimen-
sional geometrical factor in the relationship K I ¼ C3D r
ﬃﬃﬃﬃﬃﬃ
pa
p
should
include dependencies of the form C3Dðx3; aW ; aH ; aB ; mÞ. This leads to
the variation of Jx1 in our analyses (and correspondingly of K I),
since B is the only parameter that is changed, keeping constant
the rest of dimensions and the applied load. The ratio 1:139 in
Eq. (13) is a consequence of this effect in the particular geometry
analyzed for m ¼ 0:3.
4.3. JP for several thicknesses
Fig. 8 shows the values of JP at the mid-plane for the seven
plates. Note that the JP values are normalized by their correspond-
ing Jx1 given in Fig. 7 for each B. In this way, all Jx1 values would be
1 if plotted and, therefore, all the JP curves converge to 1 as the
path radius tends to zero.
For a low B, it is seen that JP decreases very rapidly with x1 down
to a minimum and then tends to stabilize to a constant value. As
the thickness increases, the minimum occurs farther from the
crack front. For a large B, the minimum does not occur withinthe dimension W of the plate or, in other words, the plate is not
wide enough to observe this behaviour. In the limit, as B!1,
the minimum occurs for x1 !1. In this case, JP does not decrease
with x1 and hence JP ¼ Jx1 and JA ¼ 0. This latter case corresponds
to a pure plane strain condition.
In this work, the stabilized value of JP is denoted as J

P. As com-
mented in Section 4.1, this stabilization indicates that a 2D-like
stress state has been reached and the constraint effects are negligi-
ble at that distance. We will deﬁne the constraint radius rc as the
distance where the minimum of JP occurs. Therefore, JP ¼ JP for
x1J rc . It is worth observing that JP for very thin plates approaches
the plane stress value Jpr2D (in Fig. 8 J
pr
2D is normalized by the same
Jx1 jB for the lowest B). Thus,
JPjB!0 ¼ Jpr2D ð14Þ
This conﬁrms that for distances sufﬁciently far from the crack front
(i.e. for x1J rc), the effect of the constraint due to the thickness van-
ishes. This will be veriﬁed in later sections. For very thin plates
(more precisely, for plates with a large a=B ratio) the constrained re-
gion is very small, but its effect at the crack front cannot be ne-
glected because Jx1 – J

P ¼ Jpr2D.
Fig. 9 represents the same values versus the path location x1
normalized by each thickness B. This makes it possible to see that
the transition distances rc=B occur at locations comprised between
0.6 and 1.0. In other words, a certain distance in the x1 direction is
needed to reach the stabilized value JP and that width is greater for
large thicknesses.4.4. Through-thickness variation of Jx1 and its relationship to J

P
The pointwise Jx1 ðsÞ integral along the crack front has also been
calculated. Considering 51 computation locations, corresponding
to the nodes through the thickness (including mid-side nodes),
Jx1 was calculated by the equivalent domain integral Jvol. The re-
sults correspond to a region enclosed by a contour passing through
x1=W  0:1 and are plotted in Fig. 10. In practice, other contours
would yield the same values due to the domain independency of
the integral.
As is well known, Jx1 ðsÞ varies through the thickness for all B.
Values at x3=B ¼ 0 (i.e. the mid-plane) coincide with Jx1 given in
Fig. 7. The value of Jpe2D and J
pr
2D are also indicated as a reference
and all values are normalized by Jpr2D. Note that Jx1 reaches the max-
imum values at x3 ¼ 0, except for the case B ¼ 200 mm.
Fig. 8. Values of JP at the mid-plane for seven plates of different thicknesses B, normalized by their corresponding Jx1 for each B.
Fig. 9. Same values of JP=Jx1 jB shown in Fig. 8. The x1 direction is now normalized by B.
Fig. 10. Through-thickness variation of Jx1 (normalized by J
pr
2D). The horizontal lines correspond to the through-thickness average of Jx1 for each thickness B.
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thickness is not large compared with the rest of dimensions. When
B! 0, the curves converge to a single curve which shows the
greatest maximum of Jx1 . When B!1, the maximum of Jx1 de-
creases and tends to converge to the Jpe2D value. Near the free sur-
faces, Jx1 changes similarly for all thicknesses.
Using a composite Simpson’s rule, we have numerically inte-
grated the area below the curves, obtaining the through-thickness
averaged value of Jx1 , denoted as Jx1 . Note that for B!1 and suf-
ﬁciently far from the free surfaces, Jx1 will approximate both its
average and the plane strain value Jpe2D thanks to the change in
the shape of the Jx1 distribution. For thin plates, it is very interest-
ing to observe that their averaged value virtually coincides with
Jpr2D. This remark was already made by Nakamura and Parks
(1988) who only analyzed a very thin plate. Since JPjB!0 ¼ Jpr2D, as al-
ready observed, see (14), we conclude that JPjB!0 ¼ Jx1 jB!0.
As a consequence, it seems reasonable to assume that for any B,
JP will be the averaged value of the corresponding through-thick-
ness distribution of Jx1 . This is veriﬁed in Fig. 11 and gives a phys-
ical sense to the stabilized value JP for all thicknesses. The left plot
in Fig. 11 is a detailed view of Fig. 10, where the cases B ¼ 50 mm
and B ¼ 200 mm have been omitted. The right plot gives JP for the
mid-plane showing that, for all B, JP tends asymptotically to Jx1 suf-Fig. 11. Through-thickness variation of Jx1 (left) and JP for different path distances (rig
through-thickness average of Jx1 for each thickness B.
Fig. 12. Jx1 and JP (normalized by J
pr
2D) for three through-thickness locﬁciently far from the crack front and, as expected, that JP converges
to Jx1 when x1 ! 0.
4.5. Through-thickness variation of JP and J

P
For a given thickness (B ¼ 5 mm), Fig. 12 shows the evolution of
JP and J

P for three locations at the crack front: x3=B ¼ 0 (mid-plane),
jx3=Bj ¼ 0:24 and jx3=Bj ¼ 0:48 (close to the free surface). The path-
area independent values of Jx1 are also represented and correspond
to the values given in Fig. 10.
Note that JP becomes virtually the same for the three locations
along the crack front and a given thickness, indicating that the
stress state is the same through the thickness for locations sufﬁ-
ciently far from the crack front, i.e. a 2D plane stress state is
achieved. This is consistent with the fact that JP ¼ Jx1 , since there
is just one average for a given thickness. As a consequence, the var-
iation of JP for inner locations (x3=B ¼ 0 and jx3=Bj ¼ 0:24) is as ana-
lyzed in Section 4.3. However, for locations near the free surface
ðjx3=Bj ¼ 0:48Þ; JP is greater than Jx1 because Jx1 < Jx1 and it must
fulﬁl that JP ! JP ¼ Jx1 when x1=B > rc . This means that JA changes
its sign near the free surface (JA < 0) and also is greater in magni-
tude. There are always two crack front locations (not represented
in Fig. 12) where Jx1 ¼ Jx1 . This location is about x3=B ¼ 0:35 forht). Both Jx1 and JP are normalized by J
pr
2D. The horizontal lines correspond to the
3
3
3
ations x3=B ¼ 0; jx3=Bj ¼ 0:24 and jx3=Bj ¼ 0:48. Plate B ¼ 5 mm.
942 E. Giner et al. / International Journal of Solids and Structures 47 (2010) 934–946the B ¼ 5 mm case, see Fig. 10, and hence Jx1 ¼ JP and JA ¼ 0 at
those particular crack front locations.
5. Constraint region and relationship to JP
In this section, we analyze the behaviour of the through-thick-
ness stress r33 and strain e33. It will be seen that the constraint ef-
fects due to the thickness are related to the behaviour of these
components and that the JP-integral follows a similar pattern. This
suggests that JP and, equivalently, JA can be used to characterize
the out-of-plane constraint effect.
5.1. Through-thickness stress r33
As customary, let us deﬁne a polar coordinate system contained
in the x1  x2 plane, with r ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ x22
q
and h ¼ arctanðx2=x1Þ.
Assuming a Williams’ series expansion in the x1  x2 plane for a
mode I loading, we can write:
rijðr; hÞ ¼ K Iﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p fijðhÞ þ tij þ Oð
ﬃﬃ
r
p Þ with i; j ¼ 1;2 ð15Þ
where tij are terms that do not depend on r and represent a gener-
alization of the T-stress. Multiplying by
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
, the singular behav-
iour of the stresses rij is cancelled:
rijðr; hÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
¼ K I þ tij
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
þ OðrÞ with i; j ¼ 1;2 ð16Þ
It is now convenient to introduce the concept of constraint functions
wij (Fernández-Canteli et al., 2006), which is a 3D tensor generaliza-
tion of Eq. (16). In a 3D problem, the constraint functions are de-
ﬁned for the crack propagation angle hcr (which is hcr ¼ 0 for
mode I) as follows:
wijðr; x3;BÞ ¼ rijðr; hcr; x3; BÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
with i; j ¼ 1;2;3 ð17Þ
It is also convenient to deﬁne the stress intensity tensor as
kijðx3;BÞ ¼ lim
r!0
wijðr; x3;BÞ ¼ lim
r!0
rijðr; hcr; x3;BÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
ð18Þ
when discussing the behaviour of the out-of-plane stress r33 The
Williams’ series expansion can be generalized to 3D (see e.g.
Nakamura and Parks, 1992) sufﬁciently far from the free surfaces.1
Upon substitution of the 3D generalization of (15) in (18) for a mode
I problem, we can write:
kijðx3;BÞ ¼
K Iðx3;BÞf11ðhcrÞ K Iðx3;BÞf12ðhcrÞ 0
K Iðx3;BÞf12ðhcrÞ K Iðx3;BÞf22ðhcrÞ 0
0 0 2mK Iðx3;BÞf33ðhcrÞ
2
64
3
75
ð19Þ
For the particular case hcr ¼ 0, it iswell known that f11ð0Þ ¼ f22ð0Þ ¼ 1
and f12ð0Þ ¼ 0. It can be shown that f33ðhÞ ¼ cos h2 (see e.g. Nakamura
and Parks, 1992; this result will be derived in Section 5.3). Therefore,
for hcr ¼ 0:
kijðx3;BÞ ¼ K Iðx3;BÞ
1 0 0
0 1 0
0 0 2m
2
64
3
75 ð20Þ
Fig. 13 shows plots for w11 ¼ r11
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
and w22 ¼ r22
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
normal-
ized by k11 ¼ k22 ¼ K I at the mid-plane x3 ¼ 0 for the plate
B ¼ 1 mm. As expected, the constraint functions converge to 1
when r ! 0 ðx1  rÞ.1 In order to satisfy the boundary condition at free surfaces, it is clear that the stress
component r33 must vanish at the intersection of the crack front with the free
boundaries and, therefore, the 3D generalization does not hold in the immediacy of
the crack front vertex.A similar analysis for the through-thickness stress r33 shows
that w33 ¼ r33
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
converges to k33 ¼ 2mK I when r ! 0. This re-
sult will be explained in Section 5.3. From Fig. 13, the singular
behaviour of r33 is conﬁrmed. Furthermore, the existence of r33
is what characterizes the constraint region. For larger r out of the
constraint dominated zone, it is veriﬁed that r33  0, i.e. a plane
stress condition is achieved, as commented in previous sections.
We remark that in the unfeasible case of m ¼ 0, then there would
be no singular behaviour in r33, the constraint effect would not ex-
ist and, in fact, r33 would be zero all over the plate. This corre-
sponds, precisely, to the 2D plane stress case.
Note that the presence of the constraint zone (where r33 de-
creases from a singular value to practically zero) affects to the
otherwise nearly straight lines of w11;w22, so extrapolation proce-
dures can be difﬁcult to apply. This is due to non-negligible second
order terms tii, namely t11 (the so-called T-stress) and t33. There is
very little inﬂuence on w22, because t22 is 0 to fulﬁll the boundary
conditions. Note also that the in-plane singular behaviour for r11
and r22 extends even where the plane stress condition exists
(much farther than for r33).
5.2. Constraint function w33
As seen in Fig. 13, w33 changes dramatically within the con-
straint region in the same way as r33. Outside of this zone r33 ap-
proaches the plane stress behaviour. Fig. 14 plots the constraint
curves for different thicknesses (normalized by k33 ¼ 2mK I) versus
the radial distance (normalized by B). There is a very good concor-
dance between the curves, except for the largest radial distances
that are close to the model boundaries.
It can be seen that the constraint curves of Fig. 14 exhibit a min-
imum at x1=B  0:6. The pattern of these curves is very similar to
the one shown in Fig. 9 for JP normalized by Jx1 jB, specially for thin
plates. This conﬁrms that the out-of-plane constraint effects are
well captured by the path integral JP or, equivalently, by the area
integral JA, since Jx1 ¼ JP þ JA.
5.3. Through-thickness strain e33 near the crack front
Assuming the validity of the Williams’ series expansion also for
the out-of-plane component r33 (see Nakamura and Parks, 1992)
the rii stresses in the proximity of the crack front for the direction
h ¼ 0 are given by
r11ðr;0Þ ¼ k11ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p þ t11 þ Oð
ﬃﬃ
r
p Þ
r22ðr;0Þ ¼ k22ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p þ t22 þ Oð
ﬃﬃ
r
p Þ ð21Þ
r33ðr;0Þ ¼ k33ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p þ t33 þ Oð
ﬃﬃ
r
p Þ
rii being, therefore, singular for r ! 0.
From the Hooke’s law for an isotropic material, the out-of-plane
strain e33 is
e33 ¼ 1E ½r33  mðr11 þ r22Þ ð22Þ
After substitution of (21) in (22), some rearrangements of terms,
and taking into account that t22 ¼ 0 to satisfy the boundary
conditions:
e33 ¼ 1E
k33  mðk11 þ k22Þﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p þ t33  mt11 þ Oð
ﬃﬃ
r
p Þ
 
ð23Þ
The numerator k33  mðk11 þ k22Þ must necessarily cancel to avoid a
singular behavior of e33 when r ! 0. This leads to the relationship
k33 ¼ 2mK I as numerically veriﬁed in Fig. 13. In addition, (23) shows
Fig. 13. Mid-plane variation of wii0 ¼ rii
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
(normalized by kii) along the x1-axis ðx1  rÞ for the plate B ¼ 1 mm. Note that w33 is normalized by k33 ¼ 2mK I .
Fig. 14. Constraint curves w33 ¼ r33
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
(normalized by 2mK I) for plates of different thicknesses.
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neglected when r ! 0. As a consequence, e33 – 0 and, in general,
the plane strain condition does not hold, as shown in the following
Figs. 15 and 16.
Fig. 15 shows the mid-plane variation of e33 along the x1-axis
(normalized by the thickness B). While the stresses r11;r22;
r12;r33 and the strains e11; e22 and e12 are all singular when
r ! 0, it is important to emphasize that e33 is not singular, as
pointed out by Sih (1971).
In fact, since e33 ¼ @u3=@x3, the out-of-plane displacement u3 at
the crack front is given by:
u3ðr ¼ 0Þ ¼
Z
e33ðr ¼ 0Þdx3 ð24Þ
As u3 must be bounded, e33 cannot include a singular term on r.
Accordingly, e33 does not tend to 0 unless the plate thickness is very
large ðB!1Þ. In general, there exists a ﬁnite contraction e33 < 0 at
the crack front, which becomes smaller in magnitude when the
thickness increases. Therefore, a true plane strain condition is not
reached at the crack front even at the mid-plane unless B!1.The variation of e33 through the thickness x3 is plotted in Fig. 16,
conﬁrming that a plane strain condition is only reached when
B!1. In Fig. 15, it is shown that the greatest contraction at the
mid-plane (in magnitude) is reached ahead of the crack front, at
a distance of about x1=B  0:2.
Returning to the relationship k33  mðk11 þ k22Þ ¼ 0, and dividing
by
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
we can write
2mK Iﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p f33ðhcrÞ ¼ m K Iﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p f11ðhcrÞ þ K Iﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p f22ðhcrÞ
 
ð25Þ
Generalizing Eqs. (21), (23) and (25) for any h and since the singular
terms in the stresses are the only dominating terms when r ! 0:
r33 ¼ mðr11 þ r22Þ only when r ! 0: ð26Þ
although this relationship does not necessarily imply that e33 ¼ 0
as mentioned above, i.e.
lim
r!0
e33
e11 þ e22 ¼ 0 but limr!0 e33 – 0: ð27Þ
Note that if a plane strain condition were assumed in (22), then the
same Eq. (26) is obtained. This has probably led to the incorrect
Fig. 15. Mid-plane variation of e33 along the x1-axis (normalized by the thickness B).
Fig. 16. Through-thickness variation of e33 along the crack front.
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crack front. For a straight through-crack in a plate, we have shown
that this is only strictly true if B!1.
We remark that is often stated in the literature that plane strain
conditions prevail at the crack front of an elastic plate sufﬁciently
far from the free boundaries, even for a ﬁnite thickness plate. As we
have shown above, this is not strictly true, because e33 is non-zero
and varies along the crack front for ﬁnite thickness plates. The con-
dition e33 ¼ 0 (true plane strain) is only asymptotically reached at
an inﬁnite thickness. We emphasize that (26), which is necessary
for a plane strain condition, holds at the crack front not only when
e33 ¼ 0 (inﬁnite thickness) but also when e33 – 0 at the crack front
(ﬁnite thickness). Thus, Eq. (26) is a necessary but not a sufﬁcient
condition to guarantee a plane strain state.
On the other hand, the explicit expression for the trigonometric
function f33ðhÞ ¼ cos h2 used in Section 5.1 can be derived in a
straightforward manner. From Eq. (25) and substituting f11 ¼
cos h2 ð1 sin h2 sin 3h2 Þ and f22 ¼ cos h2 ð1þ sin h2 sin 3h2 Þwe prove that:
f33ðhÞ ¼ 12 f11ðhÞ þ f22ðhÞð Þ ¼ cos
h
2
: ð28Þ
Finally, Fig. 17 shows the through-thickness variation of the out-of-
plane displacement u3 vs. the normalized position along the crackfront x3=B. It can be observed that the slope of u3 as a function of
x3 tends to increase near the free surfaces, corresponding with the
expected singular behaviour of e33 at that zone (the so-called corner
or vertex singularity). The slopes at the mid-plane are related to the
value of e33 at the mid-plane position on the crack front. Note that
the slopes in Fig. 17 are not the true slopes vs. x3 since the coordi-
nate is normalized by B: the greatest magnitude of the slope corre-
sponds to the thinnest plate B ¼ 0:1 and vice-versa, as shown by the
values of e33 in Fig. 16.
It is interesting to relate the value of the displacement u3 at the
free surface with the approximated value reported by Nakamura
and Parks (1988):
u3;N&P  2:3
ﬃﬃﬃﬃﬃﬃ
B
2p
r
m
E
K far at x1; x2 ¼ 0 and jx3j ¼ B=2 ð29Þ
where the value of K far for our problem has been calculated as
K far ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Jpr2DE
q
, i.e. using the result for J in a 2D problem under plane
stress as commented in Section 4.2. This is what (Nakamura and
Parks, 1988) assume when deﬁning K far for their boundary model
of a thin plate (a plane stress ﬁeld prevails sufﬁciently far from
the crack front). The results at the free surface are shown in Table 1,
together with the corresponding values extracted from the FE solu-
Fig. 17. Through-thickness variation of u3 vs. the normalized position along the crack front.
Table 1
Out-of-plane displacement u3 at free surface estimated by the approximation of
Nakamura and Parks (1988) and comparison to the FE solution.
B ðmmÞ u3;FEð105 mmÞ u3;N&Pð105 mmÞ u3;FEu3;N&P
0.1 1.03 1.05 0.98
1 3.27 3.33 0.98
5 7.09 7.44 0.95
10 9.74 10.5 0.93
20 13.0 14.9 0.87
50 17.3 23.5 0.74
200 26.9 47.1 0.57
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larger thicknesses the ligament ðW  aÞ is so short compared to the
thickness B that a plane stress region far from the crack front cannot
be developed due to the extent of the constraint zone (an assump-
tion of the Nakamura and Parks model is that the plate is thin).6. Discussion
In the previous sections, we have addressed two main issues:
the relationship of the integrals Jx1 ; JP and JA to the out-of-plane
constraint region and the behaviour of the through-thickness
stress r33 and strain e33 inside this zone. In this section, we sum-
marize the main aspects that can be extracted from the
investigation.
Regarding the behaviour of the integrals, it has been numeri-
cally veriﬁed for a set of cracked plates with different thicknesses
that the Jx1 -integral is path-area independent as expected. How-
ever, its components JP and JA do vary in the region where the
out-of-plane constraint exists, i.e. where the elastic ﬁelds are
three-dimensional. Sufﬁciently far from the out-of-plane con-
straint zone, a 2D-like stress state is reached. This is indicated by
a stabilization of JP and JA with the radial distance.
As a consequence, the components JP and JA help to understand
the information supplied by a 3D analysis. The path integral JP in-
cludes the components P11 and P12 of the Eshelby’s energy-momen-
tum tensor, essentially related to the in-plane elastic ﬁelds. The area
integral JA essentially reﬂects the contribution of the out-of-plane
elastic ﬁelds. In fact, for a ﬁnite thickness plate, the extent of the con-
straint zone coincides with the region where JP and JA vary.
On the other hand, a relationship between JP and the distribu-
tion of Jx1 ðsÞ along the crack front has been found. It has been
numerically shown that JP, i.e. the stabilized value of JP, coincideswith Jx1 , i.e. the average of Jx1 ðsÞ along the crack front. Speciﬁcally
and for very thin plates, JP  Jx1 virtually coincides with the 2D
plane stress value Jpr2D.
For a given location at the crack front, Jx1 varies with B keeping
the same in-plane dimensions and the same applied load. In partic-
ular, at the mid-plane x3 ¼ 0, the maximum value of Jx1 is reached
for very thin plates ðJx1 jB!0Þ and the minimum corresponds to an
inﬁnitely thick plate ðJx1 jB!1 ¼ Jpe2DÞ. The ratio
Jx1 jB!0
Jx1 jB!1
at x3 ¼ 0 is
approximately 14% for m ¼ 0:3. Analogous variations are observed
for JP. These differences are ultimately due to the relative proxim-
ity of the boundaries to the crack front.
In our opinion, these differences suggest that the out-of-plane
dimension B together with m need to be considered in a hypothet-
ical geometrical factor for 3D elastic problems of the form
x3;C3Dð aW ; aH ; aB ; mÞ that would relate the stress intensity factor to
the applied stress.
As far as the behaviour of the through-thickness stress r33 and
strain e33 is concerned, it has been proved that, sufﬁciently far from
the free surfaces, the out-of-plane stress r33 is always singular at
the crack front. Next to the crack front, it can be approximated
by the ﬁrst term of a series expansion, r33 ¼ ð2mK I=
ﬃﬃﬃﬃﬃﬃﬃﬃ
2pr
p
Þ cos h2.
We remark that the multiplier constant is k33 ¼ 2mK I and that only
sufﬁciently close to the crack front, the relationship
r33 ¼ mðr11 þ r22Þ holds.
We have intended to clarify the concepts of plane strain and
plane stress in a 3D elastic cracked plate. These 2D concepts are
still prevalent in textbooks and published literature when dealing
with 3D problems and can lead to simplistic interpretations. In
fact, we have veriﬁed that, in general, a pure plane strain condition
is not achieved despite the relationship r33 ¼ mðr11 þ r22Þ is valid.
This is because e33 is non-zero due to the existence of second order
terms within the constraint dominated region, see Eq. (23). Fur-
thermore, e33 varies along the crack front. Strictly speaking, a plane
strain condition exists at crack front points sufﬁciently far from the
free surfaces only when B!1.
For the plane stress condition, the 2D limiting case of a very thin
plate identiﬁed with a plane stress state makes no physical sense
since it represents a non-existent, incompatible case in LEFM.
The consideration of the 2D plane stress integral Jpr2D implies a seri-
ous misconception. In fact, it must be interpreted as a defective cal-
culation of the 3D Jx1 integral in which the necessary consideration
of elastic energy due to the contribution of the singular stress r33 is
omitted. This leads to the false assumption of JA being null. In fact,
Jpr2D is not the limiting case of Jx1 for B! 0, but represents the value
of JP for a sufﬁciently thin plate.
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modulus E0, which allegedly makes it possible to ﬁnd a simple rela-
tion between the JðsÞ-integral and K I for different constraint levels
(Nikishkov and Atluri, 1987; Scibetta, 2002) can be misleading, and
does not provide suitable and useful information about the con-
straint in the proximity of cracks. Instead, Jx1 ; JP and JA supply the
necessary information to describe both the extension and magni-
tude of the out-of-plane constraint. The only valid relationship be-
tween Jx1 and K I is Jx1 ¼ K2I ð1 m2Þ=E, independently of the
constraint state present around the crack front (i.e. independently
of the specimen thickness).
7. Conclusions
In this work, an elastic cracked plate loaded in tension with a
straight crack front has been analyzed. Finite element analyses
for several plates of different thicknesses have been performed,
calculating the components of the Jx1 -integral, Jx1 ¼ JP þ JA. It is
concluded that JP and JA do vary in the region where the out-of-
plane constraint exists and can be used to characterize the extent
of this region. Besides, it has been veriﬁed that the Jx1 ðsÞ value
along the crack front is signiﬁcantly inﬂuenced by the specimen
thickness, both quantitatively and qualitatively. Furthermore, a
relationship between JP and the through-thickness distribution of
Jx1 ðsÞ along the crack front has been established.
In addition, the concepts of plane strain and plane stress in a 3D
elastic cracked plate have been addressed, with the intention of
clarifying some misleading interpretations that can still be found
in the literature. The analysis reveals that e33 varies along the crack
front and it is non-zero inside a plate of ﬁnite thickness due to the
existence of second order terms within the constraint dominated
region. This latter study has been accomplished through a novel
tensor formulation of the stress intensity, kij, that shows a unique
structure depending on K I irrespective of the specimen thickness.
Further investigation is under way to extend these results to
other crack geometries and other loading modes. Similarly, plastic-
ity effects should also be addressed in future works.
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